We introduce a class of self-similar sets which we call twofold Cantor sets K pq in R which are totally disconnected, do not have weak separation property and at the same time have isomorphic self-similar structures.
Introduction
If a self-similar set does not possess weak separation property it can have unpredicted and surprising properties, especially if it satisfies some additional regularity conditions. For example, as it was shown in 2006 by one of the authors in [13, 14] , a self-similar structure (γ, S) on a Jordan arc γ in R 2 , which does not satisfy WSP, is possible only if γ is a line segment and two self-similar structures (γ 1 , S 1 ) and (γ 2 , S 2 ) on segments γ 1 and γ 2 , which do not satisfy WSP, are isomorphic if and only if the homeomorphism ϕ : γ 1 → γ 2 , which induces the the isomorphism of these structures, is a linear map. So the question arises, does such rigidity phenomenon occur for self-similar sets whose dimension is smaller than 1 and which are therefore totally disconnected?
We introduce new objects which we call twofold Cantor sets K pq in R , which are generated by the systems S pq = {S 1 , S 2 , S 3 , S 4 } consisting of two symmetric pairs of similarities S 1 (x) = px, S 2 (x) = qx and S 3 (x) = px − p + 1, S 4 (x) = qx + q − 1, with fixed points at 0 and 1 and real (or complex) coefficients p and q such that dim H (K pq ) < 1/2 and the sets S Currently, we confine ourselves to the case when p, q are real and lie in the set V = (0, 1/16) 2 . We show that all such systems S pq do not possess weak separation property (Proposition 10) and any two of them define isomorphic self-similar structures (K pq , S pq ), (K p ′ q ′ , S p ′ q ′ ) (Theorem 12). At the same time, each homeomorphism f : K pq → K p ′ q ′ , which induces the isomorphism of respective self-similar structures, cannot be extended continuously to a homeomorphism of R to itself. Nevertheless, each f extends to a homeomorphismf : C → C, but such homeomorphismf never agrees with the systems S pq , S p ′ q ′ if (p, q) = (p ′ , q ′ ) (Theorem 13).
Though twofold Cantor sets K pq are homeomorphic to the Cantor set, they densify near 0 and in the case of positive p, q there is a topological limit lim t→+∞ tK pq , which is [0, +∞) (Theorem 8).
All the mentioned properties of twofold Cantor sets follow naturally from their definition. There is the most difficult question left: do such sets exist?
The answer to this question requires different techniques. Our problem is how to find those p, q, for which each of the intersections S m 1 (A) ∩ S n 2 (A) is empty, so we analyse how large is the set of those pairs (p, q) which do not possess such property. First we show that for any pair of non-negative m, n ∈ Z and for any p ∈ (0, 1/16) the set ∆ mn (p) of those q ∈ (0, 1/16), for which S m 1 (A) ∩ S n 2 (A) = ∅, has dimension less than 1 (Theorem 18). Therefore for any p the set
∆ mn (p) has 1-dimensional Lebesgue measure zero in {p} × (0, 1/16).
To prove that dim H ∆ mn (p) < 1, we use a bunch of two statements, General Position Theorem 14 and Displacement Theorem 15 initially used by the authors in [16] .
First theorem considers the set of pairs (ϕ 1 (ξ, x), ϕ 2 (ξ, x)) of α-Hölder maps ϕ i : D × K → R n of a metric compact K, depending on a parameter ξ ∈ D⊂R n , and find conditions under which the set {ξ ∈ D : ϕ 1 (ξ, K) ∩ ϕ 2 (ξ, K) = ∅} has dimension smaller than n. Such conditions are: (1) Both ϕ i are Hölder continuous with respect to x ∈ K and (2) The difference ϕ 1 (ξ, x 1 ) − ϕ 2 (ξ, x 2 ) is inverse Lipschitz with respect to ξ ∈ D.
Lemma 17 allows to check the conditions of the Theorem 14 for the particular case, when we try to find those values of parameter q, for which S m 1 (A) ∩ S n 2 (A) = ∅. This allows us to show that the set K of those (p, q) ∈ V which correspond to twofold Cantor sets, has a full measure in V (Theorem 20), while the complement of K in V is noncountable and dense in V.
Imposing additional non-overlap condition, we can obtain twofold Cantor sets from the systems
with non-distinct fixed points studied by Barany [2] . Using transversality condition introduced by Simon, Solomyak and Urbanski [11, 12] he showed that if F satisfies OSC, then for Lebesguealmost all positive vectors of parameters (Lip G j ) j∈J in some neighbourhood of zero the Hausdorff dimension d of the attractor K of the system S is a solution of equation
We prove similar result (Theorem 5) for twofold Cantor sets using much more simple approach.
2 Twofold Cantor sets 2.1 Definition and basic properties of twofold Cantor sets 2.1.1 Self-similar sets.
Let (X, d) be a complete metric space. A mapping S : X → X is a contraction if Lip S < 1 and it is called a similarity if d(S(x), S(y)) = rd(x, y) for all x, y ∈ X and some fixed r. 
By Hutchinson's Theorem [5] , the attractor K is uniquely defined by the system S. We also call the set K self-similar with respect to S and the pair (K, S) is called a self-similar structure. Throughout this paper, the maps S i ∈ S will be similarities and the space X will be R.
Given a system S = {S 1 , ..., S m }, I = {1, 2, ..., m} is the set of indices, I * = ∞ n=1 I n is the set of all finite I-tuples, or multiindices j = j 1 j 2 ...j n . By ij we denote the concatenation of the corresponding multiindices; we write i ⊏ j, if j = ik for some k ∈ I * .
We write S j = S j 1 j 2 ...jn = S j 1 S j 2 ...S jn and for the set A ⊂ X we denote S j (A) by A j ; I ∞ = {α = α 1 α 2 . . . : α i ∈ I} is the index space; π : I ∞ → K is the index map, which sends α ∈ I ∞ to the point
We denote by F S = {S j : j ∈ I * } (or simply by F ) the semigroup, generated by S; then F = F −1 • F , or a set of all compositions S −1 j S i is the associated family of similarities, first considered by Bandt and Graf [1] . Weak separation property (WSP) was introduced by Lau and Ngai [7] . It was shown by Zerner [17] , that it is equivalent to the topological condition: system S = {S 1 , . . . , S m } of contraction similarities satisfy the WSP iff Id / ∈ F \ Id.
Notice that throughout this paper m = 4, therefore I = {1, 2, 3, 4}.
Systems S pq and their attractors.
We define a system S pq = {S 1 , S 2 , S 3 , S 4 } of contraction similarities on [0, 1] by the equations S 1 (x) = px, S 2 (x) = qx, S 3 (x) = px + 1 − p, S 4 (x) = qx + 1 − q, where the contraction ratios p, q ∈ (0, 1/2). Let K pq be the attractor of the system S pq . We write K instead of K pq if it does not cause ambiguity. We will also denote A = S 3 (K) ∪ S 4 (K) and
Notice that if q = p n , n ∈ N, the attractor K pq is the Cantor set K p generated by S 1 and S 3 .
There are several obvious properties of systems S pq and their attractors K pq :
Proof: Commutativity (i) and symmetry with respect to 1/2 (ii) are obvious; notice, that for
Notation: We use to denote disjoint union.
Proposition 3. Let the system S pq satisfy the condition
Proof: Notice that for any integers k, l, m, n,
Therefore (TF) is equivalent to (i). To prove (ii), notice that if all the sets
Definition 4. If the system S pq satisfies the condition TF, we call K pq a twofold Cantor set.
Dimension theorem for twofold Cantor sets.
Theorem 5. Hausdorff dimension dim H K pq of a twofold Cantor set K pq satisfies the equation
, so from Proposition 3 we get
Thus B is the attractor of infinite system B = {S 1 , S 1 ω, S 2 ω, S 2 2 ω, . . . , S n 2 ω, . . . } of similarities whose contraction ratios are {p, p, q, q 2 , . . . , q n , . . . } respectively.
Then standard argument [4, Theorem 9.3] shows that if d is a solution of the equation
In our case the equation (2) is equivalent to the equation
If p, q ∈ (0, 1) it has unique positive solution which we denote by d pq .
Let B n be the attractor of a subsystem B n = {S 1 , S 1 ω, S 2 ω, . . . , S n 2 ω} of the system B. For any n ∈ N, B n ⊂ B n+1 and
Since K pq is a twofold Cantor set, the compact sets The sequence d n increases and d n < d pq , so it has a limit which satisfies the equation
Density properties and violation of WSP

Logarithmic incommensurability of p and q
For twofold Cantor sets K pq the logarithms of p and q are incommensurable, which causes most of their unusual properties.
Proof: Assume the contrary. Then for some m, n, p m = q n implies S m 1 (1) = S n 2 (1), which contradicts the condition (TF).
All the statements of this subsection require the condition log p log q / ∈ Q only. Therefore they are valid for twofold Cantor sets.
Lemma 7 (see [15] ). If log p log q / ∈ Q, then the multiplicative group G, generated by p and q is a dense subgroup in R + , · .
If we expand a twofold set K pq , multiplying it by t, tending to +∞, then a topological limit [6] of the sets tK pq = {tx, x ∈ K pq } will be the set [0, +∞): Put G = {p m q n : m, n ∈ Z} and G + = {p m q n : m, n ∈ N}. Take some r > 0.
Consider the sets
This means that for any x ∈ [0, +∞) and any ε > 0 there is such M > 0, that if t > M , then d(x, tK pq ) < ε. Therefore x ∈ lim t→+∞ tK pq .
The same property holds for all points S j (0) and S j (1):
The logarithmic incommensurability of p and q causes the violation of WSP for the system S pq :
Proposition 10. If log p log q / ∈ Q, then the system S pq does not have weak separation property (WSP).
Proof: By Lemma 7 there is a sequence of (m k , n k ) ∈ N 2 , such that
, the point Id is a limit point of F −1 F .
Isomorphisms of twofold Cantor sets.
Let
for any x ∈ K and any i ∈ {1, ..., m}. It was proved [14] that if the systems S, S ′ of contraction similarities in C with Jordan attractors K and K ′ do not have WSP, and f : K → K ′ realises the isomorphism of self-similar structures (K, S) and (K ′ , S ′ ), then f is a linear map, and K, K ′ are straight line segments.
The question, to what extent such rigidity phenomenon is valid for self-similar structures whose Hausdorff dimension is smaller than 1, remain open still. Further we'll try to establish isomorphism of self-similar structures on twofold Cantor sets. First we construct a representation of points x ∈ K pq , convenient for establishing such isomorphisms.
(m, n) > (0, 0)} and H + = {S m 3 S n 4 : (m, n) > (0, 0)} be semigroups generated by S 1 , S 2 and S 3 , S 4 respectively. Then it follows from Propositions 2 and 3 that
The following Lemma represents each element of K pq as a unique alternating sum.
Lemma 11. Let K pq be a twofold Cantor set. Then each x ∈ K pq \{0} has unique alternating sum representation
where (m k , n k ) < (m k+1 , n k+1 ) for any k and (m 0 , n 0 ) ≥ (0, 0). This sum is finite if x ∈ i∈I * S i ({0, 1}) and infinite otherwise.
Proof: Suppose x = x 0 ∈ B\{0}, then there is unique g 0 ∈ G + and y 0 ∈ A, that x = g 0 (y). If y = 1, then x = g 0 (1), otherwise there is unique h 0 ∈ H + and x 1 ∈ B, such that y = h 0 (x 1 ). If
. Proceeding by induction, we see that for any x ∈ B\{0} there is unique representation having one of the forms
We obtain respective representations for x ∈ A, if we take g 0 = Id.
where
Applying formulas (6), (7) to each of the relations in (5), we get the desired result (4).
Theorem 12. Let K pq , K p ′ q ′ be twofold Cantor sets. Then: (i) There is a homeomorphism f : K pq → K p ′ q ′ , which realises the isomorphism of self-similar structures (K pq , S pq ) and
, then f cannot be extended to a homeomorphism of [0, 1] to itself.
Proof: (i) It follows from Lemma 11 that each element x ∈ K pq has unique representation either as a finite sum x = N k=0 (−1) k p m k q n k or as sum of a series
The same is true for the set K p ′ q ′ . Therefore, one can define a bijection f :
The sets A and B are open-closed in K pq . Applying formulas (3) stepwise we conclude that each of the sets
are also open-closed, because their complement is a finite union
. These sets form a fundamental system of open-closed neighborhoods of 0 in K pq . Therefore, an open-closed neighborhood base of every point
For the points having representation
The map f sends all these base sets to respective base sets in
(ii) Suppose that the map f : K pq → K p ′ q ′ which induces the isomorphism of self-similar structures (K pq , S pq ) and (K p ′ q ′ , S p ′ q ′ ) can be extended to a homeomorphismf : [0, 1] → [0, 1]. Then the functionf is increasing.
Put α = log p ′ log p , β = log q ′ log q . There are 2 cases: α = β and α = β.
In the first case suppose α < β. There is λ ∈ Q, such that α < λ < β. Take k, l, m, n ∈ N such that k − m n − l = λ. Simple computation shows that p k q l < p m q n and p ′k q ′l > p ′m q ′n , which violates monotonicity off .
Let now α = β. Then for any x ∈ G + , f (x) = x α . For any m, n ∈ N the inequalities p m < q n (1 − p) and
, and f increases.
Consider the set W = p m q n : p m < (1 − p)q n ; m, n ∈ N . The set W is dense in (0, 1 − p), so sup W = 1 − p. At the same time,
Theorem 13. Let f : K pq → K p ′ q ′ be a homeomorphism of twofold Cantor sets which induces the isomorphism of self-similar structures (K pq , S pq ) and (K p ′ q ′ , S p ′ q ′ ). Then f has an extension to a homeomorphismf :
for any z ∈ C and for any i ∈ I then (p, q) = (p ′ , q ′ ).
Proof: A homeomorphism of totally disconnected compact sets in C has an extension to a self-homeomorphism of C [8, Ch.13, Theorem 7] . Letf : C → C be the extension of the map f which induces the isomorphism of (K pq , S pq ) and (
for any z and i. Then for any m, n ∈ Z, f (p m q n ) = p ′m q ′n , so f sends G = {p m q n : m, n ∈ Z} to G ′ = {p ′m q ′n : m, n ∈ Z}. Since K pq and K p ′ q ′ are twofold Cantor sets, the groups G and
Existence of twofold Cantor sets
General position Theorem.
Let K be the attractor of a system S = {S 1 , ...S m } of contraction similarities of R n , and let dim H K < n/2. Suppose for some k, l, S k (K) ∩ S l (K) = ∅. Is it possible to change the system S slightly to such system
In the above situation such statements as [4, Theorem 8.1, Corollary 8.2] cannot help, because the transformation from
is not even a homeomorphism. The following Theorem gives a way out of this situation:
be continuous maps, such that (a) they are α-Hölder with respect to x; and (b) there is M > 0 such that for any
Proof: Consider the set∆ = {(ξ,
of all coordinate triples corresponding to intersection points of sets ϕ 1 (ξ, L 1 ) and ϕ 2 (ξ, L 2 ). Let ∆ be its projection to D and ∆ L be its projection to
Consider the projections π D :∆ → ∆⊂D and
This map is α-Hölder with respect to x 1 and x 2 . To show this, take some ξ = g(x 1 , x 2 ) and ξ ′ = g(x ′ 1 , x ′ 2 ). These two equalities are equivalent to Φ(ξ ′ , x ′ 1 , x ′ 2 ) = Φ(ξ, x 1 , x 2 ) = 0, which implies the following double inequality:
Comparing the first and the last part of this inequality we see that the function g(x 1 , x 2 ) is α-Hölder with respect to both of its variables.
Displacement Theorem
To evaluate the displacement |π(σ) − π ′ (σ)| of elements x = π(σ) of the set K pq under the transition to the set K pq ′ we use the following Displacement Theorem, which can be considered as a modification of Barnsley Collage Theorem [3] :
Theorem 15. Let S = {S 1 , ..., S m } and S ′ = {S ′ 1 , ..., S ′ m } be two systems of contractions in R n . Let π : I ∞ → K and π ′ : I ∞ → K ′ be the address maps with I = {1, ..., m}. Suppose V is such compact set, that for any i = 1, ..., m, S i (V )⊂V and S ′ i (V )⊂V . Then, for any σ ∈ I ∞ ,
where p = max i∈I (Lip S i , Lip S ′ i ) and δ = max x∈V,i∈I
p k , which becomes (10) as k tends to ∞.
Notation: The space I ∞ a . Let 0 < a < 1 and I ∞ a be the space I ∞ supplied with the metrics ρ a (σ, τ ) = a s(σ,τ ) , where s(σ, τ ) = min{k :
This metrics turns I ∞ to a self-similar set having Hausdorff dimension dim H I ∞ a = − log 4 log a .
We use the space I ∞ a to parametrise the sets K pq and further apply this in Theorem 14:
Lemma 16. Let p, q ∈ (0, a) and a < 1 16 . Then π pq : I ∞ a → K pq is a 1-Lipschitz map.
Proof: Take σ, τ ∈ I ∞ and let s(σ, τ ) = k. Then ρ a (σ, τ ) = a k . There is i ∈ I k such that i ⊏ σ and i ⊏ τ , so both π pq (σ) and π pq (τ ) are contained in S j (K), whose diameter is equal to
Let ϕ 1 (q, σ) = S m 1 S i π pq (σ) and ϕ 2 (q, τ ) = S n 2 S j π pq (τ ), where i, j ∈ {3, 4}. Then for any σ, τ ∈ I ∞ and for any q, q ′ ∈ D mn (p):
Thus, we have to find a lower bound for |δ 2j − δ 1i | valid for any i, j ∈ {3, 4}.
It follows from Theorem 15 that |x − x ′ | and |y − y ′ | do not exceed 16δ 15 .
Without loss of generality we can take q < q ′ . By Lagrange theorem for any k ∈ N,
Let us evaluate
Taking n ≥ 1 and q n ≥ 15 16 p m , we get |δ 2j | > (14n − 1)p m δ ≥ 13p m δ. Proof: Take some a ∈ (0, 1/16) and p ∈ (0, a). Consider the functions ϕ 1 (q, σ) = S m 1 S i π pq (σ) ϕ 2 (q, σ) = S n 2 S j π pq (σ), where i, j ∈ {3, 4} as maps from I ∞ a to K pq . It follows from Lemma 16 that they are 1-Lipschitz with respect to σ, and from Lemma 17 it follows that if q, q ′ ∈ D mn (p) ∩ (0, a) and Φ(q, σ, τ ) = ϕ 1 (q, σ) − ϕ 2 (q, τ ) then:
Consider the set D mn (p) = q < 1/16 : 15 16 ≤ q n p m ≤ 16 15 . For any a ∈ (0, 1/16) the set D mn (p) ∩ (0, a) is either closed interval, either can be covered by countable many closed intervals. Applying Theorem 14 to these closed intervals we get that the set ∆ mn (p) ∩ (0, a) is closed in (0, a) and its dimension is not greater than 2 dim H I ∞ a < 1. Therefore ∆ mn (p) is closed in (0, 1/16) and its dimension is less or equal to 1, so it has zero H 1 -measure and is nowhere dense in (0, 1/16). χ(p, q)dp dq = Theorem 20. The set K of those (p, q) ∈ V = (0, 1/16) 2 , for which K pq is a twofold Cantor set, has full measure in V, and its complement is uncountable and dense in V.
Proof: By Corollary 19, ∆ ′ mn has zero Lebesgue 2-measure in V for any m, n ∈ N. Since ∆ = ∞ m,n=1 ∆ ′ mn , the same is true for ∆ and its complement K has full measure in V.
From the other side, the set ∆ 0 = {(p, q) ∈ (0, 1) : log p log q ∈ Q} ∩ V ⊆ ∆ is a countable union of curves q = p s in V. The set {p s : s ∈ Q + } is dense in (0, 1/16) for any p ∈ (0, 1/16), therefore ∆ is uncountable and dense in V.
